UNIFORM GLOBAL ATTRACTORS FOR THE NONAUTONOMOUS 3D 

NAVIER-STOKES EQUATIONS 



ALEXEY CHESKIDOV AND SONGSONG LU 

Abstract. We obtain the existence and the structure of the weak uniform (with 
respect to the initial time) global attractor and construct a trajectory attractor for 
the 3D Navier-Stokes equations (NSE) with a fixed time-dependent force satisfy- 
ing a translation boundedness condition. Moreover, we show that if the force is 
normal and every complete bounded solution is strongly continuous, then the uni- 
form global attractor is strong, strongly compact, and solutions converge strongly 
toward the trajectory attractor. Our method is based on taking a closure of the 
autonomous evolutionary system without uniqueness, whose trajectories are so- 
lutions to the nonautonomous 3D NSE. The established framework is general 
and can also be applied to other nonautonomous dissipative partial differential 
equations for which the uniqueness of solutions might not hold. It is not known 
whether previous frameworks can also be applied in such cases as we indicate 
in open problems related to the question of uniqueness of the Leray-Hopf weak 
solutions. 
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1. Introduction 

The theory of uniform attractors of nonautonomous infinite- dimensional dissipa- 
tive dynamical system bears its roots in the work of Haraux [|Ha91| , who defined 
the uniform global attractor as a minimal closed set which attracts all the trajecto- 
ries starting from a bounded set uniformly with respect to (w.r.t.) the initial time. 
This naturally generalizes the notion of a global attractor to nonautonomous dy- 
namical systems. In this paper we will present a method for obtaining the structure 
of the uniform global attractor of a general nonautonomous system. In particular, 
we obtain the existence and the structure of the weak uniform global attractor and 
construct a trajectory attractor for the 3D Navier-Stokes equations (NSE) with a 
fixed time-dependent force satisfying a translation boundedness condition. 

Previous studies of uniform global attractors mostly used tools developed by 
Chepyzhov and Vishik [I CV94[ ICV02II . Their framework was based on the use 
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of the so-called time symbol (e.g. the external force in 3D NSE) and constructing a 
symbol space as a suitable closure of the translation family of the original symbol. 
To describe the structure of the uniform global attractor they introduced an auxiliary 
notion of a uniform w.r.t. the symbol space attractor. However, this method requires 
a strong condition on the force and only provides the structure of the uniform w.r.t. 
the symbol space attractor, which does not always have to coincide with the original 
uniform global attractor (see Open Problem [6.51 ). In this paper we present a differ- 
ent approach that deals directly with the notion of a uniform global attractor and is 
based on taking a closure of the family of trajectories of the system, which does not 
change the uniform global attractor. The established method is general and can be 
applied to any nonautonomous dissipative PDE. 

Since the pioneering work of Leray, the problem of regularity of the 3D NSE 
has been a subject of serious investigation and still poses an important challenge 
for mathematicians. Due to the lack of a uniqueness proof, it is not known whether 
the 3D NSE possesses, for the autonomous case, a semigroup of, or for the nonau- 
tonomous case, a process of solution operators. Therefore, a classical theory of 
semigroup or process riH88l IT881 EH] ISY021 ICV02I cannot be used for this sys- 
tem. A mathematical object describing long time behavior of an autonomous 3D 
NSE is a (weak) global attractor, a notion that goes all the way back to the seminal 
work by Foias and Temam [IFT85I . 

The goal of this paper is to study the long time behavior of the 3D NSE with a 
fixed time-dependent force in the physical space without making any assumptions 
on weak solutions. Moreover, we assume that the force only satisfies a translation 
boundedness condition, which is the weakest conditions that guaranties the exis- 
tence of a bounded uniform absorbing ball. In order to obtain the the structure 
of the weak uniform global attractor we will consider an autonomous evolutionary 
system without uniqueness, whose trajectories are solutions to the nonautonomous 
3D NSE. The evolutionary system £ was first introduced in [CF06 1 to study a weak 
global attractor and a trajectory attractor for the autonomous 3D NSE, and then the 
theory was developed further in [IC09I to make it applicable to arbitrary autonomous 
dissipative PDE without uniqueness. In particular, it was shown that the global at- 
tractor consists of points on complete bounded trajectories under an assumption 
(see Al) satisfied by autonomous PDEs. The evolutionary system is close to Ball's 
generalized semiflow [IB98II , but due to relaxed assumptions on the trajectories, the 
Leray-Hopf weak solutions of the 3D NSE always form an evolutionary system re- 
gardless whether they lose regularity or not. The advantage of this framework lies 
in a simultaneous use of weak and strong metric, which makes it applicable to any 
other PDE for which the uniqueness of solutions may be in limbo. 

In nCL09ll the authors already generalized the framework of the evolutionary sys- 
tem to study the long time behavior of nonautonomous dynamical systems without 
uniqueness. In this paper we develop the theory further and introduce a "closure of 
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the evolutionary system" in order to obtain the structure of the uniform global at- 
tractor. This method avoids the necessity of constructing a symbol space and works 
for systems without uniqueness. 

The paper is organized as follows. In Section |2] we briefly recall the theory of 
evolutionary system originally designed for autonomous systems, define a nonau- 
tonomous evolutionary system, and reduce it to an autonomous system. Then we 
consider classical cases of a process and a family of processes and show how they 
define evolutionary systems. In particular, when the evolutionary system is defined 
by a process, the uniform global attractor for the evolutionary system is identical to 
the uniform global attractor for the process. Hence, using the theory developed in 
this paper, we can describe the structure of the uniform global attractor of a general 
process, which was mentioned as an open problem in [|CV94||CV02II . 

Section [3] is mainly concerned with the existence and the structure of the weak 
and strong uniform global attractors for the nonautonomous evolutionary system 
corresponding to the original equations under consideration, for instance, the 3D 
NSE with a fixed time-dependent extemal force. To this end, we consider a clo- 
sure of the evolutionary system and prove that its weak uniform global attractor is 
identical to the one for the original evolutionary system. We then apply the the- 
ory developed in I1C09I to the closure of the evolutionary system to obtain various 
properties of the uniform global attractor for the original system. 

In Subsection 13. II we use our framework to examine the notion of uniform w.r.t. 
symbol space global attractor. For this we assume that a suitable symbol space S 
is provided, and consider a nonautonomous evolutionary system with such symbol 
space satisfying the uniqueness condition, i.e., we assume that for a fixed symbol 
there exists only one trajectory starting at a given point. We then study the rela- 
tion between the system and its evolutionary subsystem whose symbol space E is 
a dense subset of the former symbol space S. Assuming that the system satisfies 
an additional condition (which translates into the strong translation compactness 
condition on the force in the case of the 3D NSE), we show that it has the same 
weak uniform global attractor as its subsystem. Therefore, we show that the uni- 
form w.r.t. S attractor coincides with the uniform global attractor. Furthermore, if 
the evolutionary system is asymptotically compact, then the weak uniform global 
attractor is in fact the strong uniform global attractor. The results in this subsection 
generalize those in I1CV021 ILWZ051 lLu06l iLuOTl . 

In Section|4]we study the notion of a trajectory attractor that was first introduced 
in [ISe96l and further studied in nCV971 ICV021 ISY021 . We use the tools in the 
preceding sections to show the existence and the structure of the trajectory attractor 
of a nonatonomous evolutionary system such as the 3D NSE. Note that such a result 
could not be obtained with previous frameworks (see Open Problem 16.71) . We also 
show a relation of the trajectory attractor to a uniform global attractor. Moreover, in 
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the case where all complete bounded trajectories are strongly continuous, a strong 
convergence of the trajectories to the trajectory attractor is proved. 

In Section [5] we consider the 3D NSE with a translation bounded in LfQ^(R; V') 
fixed time-dependent extemal force qq. We show that the Leray-Hopf weak solu- 
tions form an evolutionary system investigated in Sections |3l and therefore all the 
results obtained in that section hold for the 3D NSE. In particular, we obtain the 
structure of the weak uniform global attractor A. Notice again that we only require 
the weakest boundedness condition on the force and make no assumptions on the 
solutions of the 3D NSE. In addition, we show that if the force go is normal and 
every complete bounded solution is strongly continuous, then the weak uniform 
global attractor is strong, strongly compact, and solutions converge strongly toward 
the trajectory attractor. The normality condition on the extemal force, introduced in 
HLWZOSII and Lu [Lu06], is weaker than the usual strong translation compactness 
condition (see ll LWZOS n . which is generally required in applications of Chepyzhov 
and Vishik's approach [|CV94l |CV021 . 

Evolutionary systems are constructed without a suitable symbol space in Section 
|5l In Section [6] we construct a uniform w.r.t. symbol space global attractor for the 
3D NSE. For this we first have to impose a stronger condition on the extemal force, 
namely, we assume that the force is strongly translation compact. Then we can find 
a suitable closure of the symbol space S for which the corresponding evolutionary 
system enjoys the desired compactness property, and hence obtain the stmcture of 
the uniform w.r.t. symbol space S attractor A^. However, this attractor might not 
coincide with the uniform global attractor A if Leray-Hopf weak solutions are not 
unique (see the Open Problem 1631 ). which illustrates a limitation of the framework 
of uniform w.r.t. symbol global attractor put forward in nCV94|| (see also [ICV02II ). 
It is still not clear how to obtain the stmcture of the uniform global attractor A 
using the notion of uniform w.r.t. symbol global attractor A^ for the 3D NSE or 
other systems without uniqueness, or where the uniqueness is not known. Similarly, 
the trajectory attractors constmcted in [lSe96l and nCV97l ICV02II for the 3D NSE 
or other systems without uniqueness, might be bigger than the one we constmcted 
in the section (see Open Problem [6771 ). 

2. Evolutionary system 

2.1. Autonomous case. Here we recall the basic definitions and results on evolu- 
tionary systems (see [C09| for details). Let {X, ds(-, •)) be a metric space endowed 
with a metric ds, which will be referred to as a strong metric. Let dw(-, •) be another 
metric on X satisfying the following conditions: 

(1) X is dw-compact. 

(2) If ds(Mn, f„) — )■ as n — )■ oo for some m„, f„ G X, then d^{un, fn) — 5- as 
n — > oo. 
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Due to the property 2, dw(-, •) will be referred to as a weak metric on X. Denote 
by A the closure of a set A c X in the topology generated by d,. Note that 
any strongly compact (ds-compact) set is weakly compact (d^ -compact), and any 
weakly closed set is strongly closed. 

Let C([a, b]; X,), where • = s or w, be the space of d, -continuous X-valued 
functions on [a, b] endowed with the metric 

dc{[a,b];X.){u,v) := sup d,{u{t),v{t)). 

te[a,b] 

Let also C([a, oo); X,) be the space of d, -continuous X -valued functions on [a, oo) 
endowed with the metric 

1 snp{d,(u{t),v{t)) : a <t < a + T} 
dciia,o.y,x.)[u,v) - 2. ^ 1 + suv{d.{u{t)Mt)) : a < t < a + T} ■ 

Let 

r := {/ : 7 = [T, oo) C R, or 7 = (-oo, oo)}, 

and for each I C T, let denote the set of all X-valued functions on 7. Now 
we define an evolutionary system S as follows. 

Definition 2.1. A map £ that associates to each I & T a subset S{I) C J- will be 
called an evolutionary system if the following conditions are satisfied: 

(1) £([O,oo))^0. 

(2) £{I + s) = {«(■) : u{- - s) e £{I)}foralls e M. 

(3) {m(-)|/2 • G S{h)} C S{l2) for all pairs Ii, I2 G T, such that I2 C h. 

(4) £((-00,00)) = {ui-) : ii(-)|[T,oo) e S{[T,oo)) VT e R}. 

We will refer to £^(7) as the set of all trajectories on the time interval 7. Trajecto- 
ries in £{{—00, 00)) are called complete. Let P{X) be the set of all subsets of X. 
For every t >0, define a map 

R{t) : P{X) ^ P{X), 
R{t)A := {u{t) : u{0) eA,ue £{[0, 00))}, AcX. 

Note that the assumptions on £ imply that R{t) enjoys the following property: 

(1) R{t + s)Ac Rit)R{s)A, AcX, t,s>0. 

Definition 2.2. A set A, G X is a d,-global attractor (• = s,w) of if A, is a 

minimal set which is 

(1) d,-closed. 

(2) d,-attracting: for any B <Z X ande > 0, there exists to, such that 

R{t)B C -B.(A, e) := {u : inf d.(M, x) < e}, Vt > to. 



6 ALEXEY CHESKIDOV AND SONGSONG LU 

Definition 2.3. The u},-limit (• = s, w) of a set A G X is 

u.{A) := n U R{t)A. 

T>Ot>T 

An equivalent definition of tlie w.-limit set is given by 

ui,{A) = {x e X : there exist sequences t„ — )■ oo as n ^ oo and Xn G R{tn)A, 

such tliat Xn X in d.-metric as n — > oo}. 

In order to extend the notion of invariance from a semiflow to an evolutionary 
system we use the following mapping: 

R{t)A := {u{t) : u{0) e A,u e S{{-oo, oo))}, AcX, teR. 

Definition 2.4. A set A a X is positively invariant if 

R{t)A gA, yt> 0. 

A is invariant if 

R{t)A = A, Vt > 0. 

A is quasi-invariant if for every a G A there exists a complete trajectory u e 

£{{—oo, oo)) with ?i(0) = a and u{t) G A for all t G M. 

Definition 2.5. The evolutionary system £ is asymptotically compact if for any 
oo and any Xk G R{tk)X, the sequence {xk} is relatively strongly compact. 

Below are some additional assumptions that we will impose on 8 in some cases. 
Al ^^([0, oo)) is a compact set in C([0, oo)]X^). 

A2 (Energy inequality) Assume that X is a set in some Banach space H sat- 
isfying the Radon-Riesz property with the norm denoted by | ■ |, such that 

ds(a;,y) = \x — y\ for x,y G X and induces the weak topology on 
X. Assume also that for any e > 0, there exists 5, such that for every 

u G £([0,oo)) andt > 0, 

\u{t)\ < \u{to)\+e, 

for to a.e. in {t — 6,t). 
A3 (Strong convergence a.e.) Let u, Un G ^([0, oo)), be such that Un ^ u'va 
C([0, T\;X^) for some T > 0. Then Un{t) u{t) strongly a.e. in [0, T\. 

Remark 2.6. A Banach space H is said to satisfy the Radon-Riesz property when a 
sequence converges if and only if it converges weakly and the norms of the elements 
of the sequence converge to the norm of the weak limit. In many applications X 
is a bounded closed set in a uniformly convex separable Banach space H. Then 
the weak topology ofH is metrizable on X, and X is compact with respect to such 
a metric dw Moreover, the Radon-Riesz property is automatically satisfied in this 
case. 
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Theorem 2.7. [IC09II Let £ be an evolutionary system. Then 

1 . The weak global attractor exists. 
Furthermore, ifS satisfies Al , then 

2. Avj = (jJw(yX) = Us{X) = {uq : Mo = u{0) for somen E £^((—00,00))}. 

3. is the maximal invariant and maximal quasi-invariant set. 

4. (Weak uniform tracking property) For any e > 0, there exists to, such that for 
any t* > to, every trajectory u G £^([0, 00)) satisfies dc{[t*,oo);X^){u, v) < e, 
for some complete trajectory v G £^((—00, 00)). 

Theorem 2.8. [IC09I Let E be an asymptotically compact evolutionary system. Then 

1 . The strong global attractor As, exists, it is strongly compact, and As, = Aw 
Furthermore, ifS satisfies Al , then 

2. (Strong uniform tracking property) for any e > and T > 0, there ex- 
ists to, such that for any t* > to, every trajectory u G £^([0,oo)) sat- 
isfies ds{u(t),v{t)) < e, Wt E [t*,t* + T], for some complete trajectory 
V E £{{—00, 00)). 

Theorem 2.9. [IC09II Let £ be an evolutionary system satisfying Al , A2, and A3 and 

such that every complete trajectory is strongly continuous. Then £ is asymptotically 
compact. 

2.2. Nonautonomous case. In this subsection we will show that the notion of evo- 
lutionary system is naturally applicable to a nonautonomous system. 

Let S be a parameter set and {T{s)\s > 0} be a family of operators acting on 
E satisfying T(s)S = S, Vs > 0. Any element a G S will be called (time) 
symbol and S will be called (time) symbol space. For instance, in many appli- 
cations {T(s)} is the translation semigroup and S is the translation family of the 
time dependent items of the considered system or its closure in some appropriate 
topological space. 

Definition 2.10. A family of maps £„, cr G E that for very cr G E associates to each 
I eT a subset £a{I) C J^{I) will be called a nonautonomous evolutionary system 
if the following conditions are satisfied: 

(1) £,([r,cx))) 7^0,Vr gM. 

(2) £,{I + s) = {u{-) : u{- -s)E Vs > 0. 

(3) {«(■)!/, : u{-) E £„{h)} C £„{h), V/i, h Er,l2C h. 

(4) £,((-00, cx))) = {«(■) :M(-)l[r,oo) G^a([r, 00)), VtGM}. 

We will refer to £a{I) as the set of all trajectories with respect to (w.r.t.) the sym- 
bol a on the time interval /. Trajectories in £^{{—00, 00)) will be called complete 
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w.r.t. cr. For every t > r, t E R, a E T., define a map 

R^{t,T):P{X)^P{X), 
R„{t, t)A := {u{t) : u{t) E A,u E S„{[t, oo)}, Ac X. 

Similarly, the assumptions on S^, cr G S imply that Rait, r) enjoys the following 
property: 

(2) Ra{t, t)A c Ra{t, s)Ra{s, t)A, AcX, ^t>s>T,TER. 

Let us now show how a nonautonomous evolutionary systems can be defined in 
the classical case where the uniqueness of trajectories holds. 

Let Hhe a phase space (a separable reflexive Banach space). Consider a process 
of a two-parameter family of single- valued operators U„^^{t, t) : H H, satisfying 
the following conditions: 

U^oit, s) o f/,„(s, r) = Ua,{t, r), Vt > s > r, r G M, 

U(To (t, t) = Identity operator, r G M. 

Here ctq is a fixed symbol, which is usually the collection of all time-dependent 
terms of a considered system. So we assume that it is a function on M with values 
in some space. A trajectory u on [r, oo) is a mapping from [r, oo) to H, such that 

(4) u{t) = Ua,{t,r)u{r), t>T. 

A ball B C H is called a uniform (w.r.t. r G M) absorbing ball if for any bounded 
set A C H, there exists a to = toiA), such that, 

(5) U [jUa,{t + T,T)AcB. 

reR t>to 

Assume that the process is dissipative, i.e., there exists a uniformly (w.r.t. r G M) 
absorbing ball B. Since we are interested in a long-time behavior of solutions, it 
is enough to consider a restriction of the process to B. A uniform (w.r.t. r G M) 
attractor A of the process is a minimal closed set satisfying that, for any A C B 
and e > there exists to = to{e, A), such that 

(6) U [jUa,it + T,T)Ac BniAe). 

TGRt>to 

Now denote by E the translation family {cro{- + h)\h E of ao and define 

(7) Ua,(^.+h)it,T) ■=Ua,^.){t + h,T + h), \/t>T,TER,hER. 

Due to the uniqueness of the trajectories, for any cr G S, the family of operators 
Ua{t,T) define a process, i.e., dD is valid with a substituted for ctq. Obviously, 
T(s)S = S, Vs > and the following translation identity holds, 

(8) Ua{t + S,T + S) = UT(s)a{t,T), V (T G S, t > T, T G M, S > 0, 
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where {T(s)}s>o is the translation semigroup. We now consider the family of pro- 
cesses {f/cr(t, r)}, cr G S. Note that ^ is equivalent to that for any r G M and 
bounded set A C H there exists to = ioi^) > such that 

(9) U [jU,{t + r,r)AcB, 

ctGS t>to 

i.e., B C H is also a uniform (w.r.t. cr G S) absorbing ball for the family of 
processes {f/cr(t, r)}, cr G S. Similarly, Q is equivalent to that for any r G M, 
A C B and e > there exists to = ioi^, such that 

(10) U \JU^,it + T,T)AcBHiA,e), 

o-eE t>to 

i.e, ^ is also a uniform (w.r.t. a G S) attractor for the family of processes {U„{t,T)}, 
(7 G S. Now take X = B. Note that since H is a separable reflexive Banach space, 
both the strong and the weak topologies on X are metrizable. Define the maps S^^, 
cr G S in the following way: 

Sa{[T, OO)) := {«(•) : U{t) = Ua{t, T)Ur, Ur e X,t> t} . 

Conditions 1-4 in the definition of the nonautonomous evolutionary system S^, 
(T G S follow from the definition of the family of processes {Ua{t, r)}, a E S. In 
addition, by dH), we have 

R„{t, t)A = U^{t, t)A, V a C X, a G S, t > r, r G M. 

Hence, the process {f/cro(t, r)} always defines a nonautonomous evolutionary sys- 
tem with the symbol space being the translation family S of (Jq- 

In the theory of Chepyzhov & Vishik nCV94[ ICV02L when studying the exis- 
tence and other properties, such as the invariance of the uniform (w.r.t. r G M) 
attractor of the process {U^^^{t, r)}, one considers a family of processes {Ua-{t, r)}, 
(T G S with the symbol space S being the closure of S in some appropriate topol- 
ogy space. Accordingly, one consider a family of equations with symbols in the 
strongly compact closure of the translation family S of the original symbol (Tq in 
a corresponding functional space. In general, suppose that a family of processes 
{f/cr(t, r)}, a G S satisfies the following natural translation identity: 

U^{t + s,T + s) = UT(s)At, r), V(T G S, t > r, r G M, s > 0, 

and T(s)S = S, Vs > 0. Proceeding in a similar manner with S replacing S, 
it is easy to check that the family of processes {Ua{t, r)}, cr g S also defines a 
nonautonomous evolutionary system with symbol space S. 

2.3. Reducing a nonautonomous evolutionary system to an autonomous evolu- 
tionary system. In this subsection we show that any nonautonomous evolutionary 
system can be viewed as an (autonomous) evolutionary system. We start with the 
following key lemma. 
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Lemma 2.11. Let tq G M be fixed. Then for any r G M and cr G S, there exists at 
least one a' G S such that 

(11) £^{[t, oo)) = {«(■) ■.u{--T + To) G ^..([ro, oo))}. 

Proof, i). Case r > tq. Thanks to condition 2 in the definition of the nonau- 
tonomous evolutionary system we can just take a' = T{t — to)o". 

ii). Case r < tq. Since S is invariant, there exists at least one a' such that 
T(ro — T)a' = a. Again, by condition 2 in the definition of S^, cr G S, we have 

£a'{[ro, oo)) = {n(-) : u{- - tq + r) e Sa{[r, oo))}, 

which is equivalent to (fTTI) . □ 

Remark 2.12. In many applications, the elements of the symbol space S are func- 
tions on the real line and {T{s)}s>o is the translation semigroup. If the existence of 
a' is unique in Lemma \2.11\ corresponding to the backward uniqueness property of 
the system, {T(s)}s>o can be extended to a group and condition 2 in the definition 
of the nonautonomous evolutionary system is valid for s G M. 

It follows from Lemma [2.1 ll that 

y i?^(t,0)A = y R^{t + T,T)A, VA C X,r G M,t > 0. 

So it is convenient to denote 

R^{t)A := [j R^{t, 0)A, \fAcX,t>0. 

Similarly, we denote 

Sj:{I):=[jS„{I), V/gT. 

o-es 

Now we define an (autonomous) evolutionary system £ in the following way: 

£il):=£^{l), Mier. 

It is easy to check that all the conditions in Definition 12. II are satisfied. Moreover, 
for this evolutionary system we obviously have 

(12) R{t)A = R^{t)A, VAcX,t>0. 

Now the notions of invariance, quasi-invariance, and a global attractor for £ can 
be extended to the nonautonomous evolutionary system {£a}a&T.- For instance, 
the global attractors for evolutionary systems defined by a process and a family 
of processes in Section 12.21 are the uniform (w.r.t. the initial time) attractor and 
uniform (w.r.t. the symbol space) attractor, respectively. The global attractor in 
the nonautonomous case will be conventionally called a uniform global attractor 
(or simply a global attractor). Other than that we will not distinguish between 
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autonomous and nonautonomous evolutionary systems and denote an evolutionary 
system with a symbol space S by E^. and its attractor by if it is necessary. 

The advantage of such an approach will be clear in next section, where we will 
see that for some evolutionary systems constructed from nonautonomous dynamical 
systems the associated symbol spaces are not known. 

3. Closure of an evolutionary system 

In this section we will investigate evolutionary systems S satisfying the following 
property: 

Al £^([0, oo)) is aprecompact set in C([0, oo)]X^). 

In addition, we will present some results for evolutionary systems satisfying these 

additional properties: 

A2 (Energy inequality) Assume that X is a set in some Banach space H sat- 
isfying the Radon-Riesz property with the norm denoted by | ■ |, such that 
^s{x,y) = \x — y\ for x,y E X and induces the weak topology on 
X. Assume also that for any e > 0, there exists 5, such that for every 
u e £([0,oo)) andt > 0, 

\u{t)\ < \u{to)\+e, 

for to a.e. in (t — 5,t). 
A3 (Strong convergence a.e.) LetUk G £^([0, oo)), be such that is d(7([o,T];Xw)- 

Cauchy sequence in C([0,T];X„) for some T > 0. Then Uk{t) is dg- 

Cauchy sequence a.e. in [0,T]. 
Such kinds of evolutionary systems are closely related to the concept of the uni- 
form w.r.t. the initial time global attractor for nonautonomous system, initiated by 
Haraux. For instance, as shown in previous section, the process {Uo-o{t, r)} defines 
an evolutionary system whose uniform global attractor is the uniform w.r.t. the 
initial time global attractor due to Haraux. However, instead of condition Al, 
usually satisfies only Al. The Chepyzhov-Vishik approach requires finding a suit- 
able closure S of the symbol space in some topological space. In IILu07[ ICL09I 
open problems indicate that there may not exist a symbol space S, such that a fam- 
ily of processes {U^{t, r)}, a G S can be defined. Later we will see that even for 
evolutionary systems taking a closure of the symbol space is not always appropriate 
to study the uniform global attractor. 

Denote by A, the uniform d,-global attractor of £. We will investigate the exis- 
tence and the structure of A, using a new method that involves taking a closure of 
the evolutionary system £. Let 

S{[t, oo)) := £:([r,oo))''"''°°^^''^\ Vr G M. 

It can be checked that £ is also an evolutionary system. We call £ the closure of 
the evolutionary system £, and add the top-script " to the corresponding notations 
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in previous subsections for E. For instance, we denote by A, the uniform d, -global 
attractor for E. 

First, we clearly have the following: 

Lemma 3.1. If E satisfies Al , then £ satisfies Al. 

Now we will obtain the structure of the weak global attractor as well as the 
weak cj-limit of any weakly open set: 

Theorem 3.2. Let £ be an evolutionary system satisfying Al. Thenuj^{A) = u^{A) 
for any weakly open set A in X. In particular, 

A^ = A^ = {uo : uq = u{0) for some u E £{{—oo, oo))}. 
Proof From the definition of £ it follows that 



IJ Rit)A c y Rit)A , VT > 0. 

t>T t>T 

Hence, lo^{A) C 0Jw{A). 

Now take any x E uj„{A). There exist sequences tn oo as n oo and 
Xn E R{tn)A, such that x„ — )■ x in dw-metric as n — oo. By definition of £ there 
exist ?/„ E R{tn)A satisfying 

n 

Therefore, 

(13) dw(y„,a;) < dw(2/„,a;„) + d„(a;„,a;) < - + dw(a;„,x) -)■ 0, as n cx), 

n 

which means that x E Uy^{A). Hence, uj^iA) C lu„{A). This concludes the first 
part of the proof. 

The second part of the theorem follows from Theorem 12.7 l and the facts that the 
weak global attractors A„ and A„ exist and equal to uj„{X) and u)„(X), respec- 
tively. □ 

If £ is asymptotically compact then Theorem 12.81 immediately implies that the 
strong uniform global attractor As exists and As = A„. It also easy to see that the 
strong attracting property in Theorem 12 . 8 I holds under the weaker assumption Al: 

Theorem 3.3 (Strong uniform tracking property). Let £ be an asymptotically com- 
pact evolutionary system satisfying AL Let £ be the closure of the evolutionary 
system £. Then for any e > and T > 0, there exists t^, such that for any t* > t^, 
every trajectory u E £{\Q, oo)) satisfies 

for some complete trajectory v E £{{—oo, oo)). 
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Proof. Suppose to the contrary that there exist e > 0, T > 0, and sequences Un G 
£([0, oo)), — )■ oo as n — )• oo, such that 

(14) sup ^s{un{t),v{t)) > e, Wn, 

teltn,tn+T] 

for all V G ^((— oo, oo)). 

On the other hand, since £ satisfies Al, the weak uniform tracking property in 
Theorem 12.71 implies that there exists a sequence f„ G .^((—00,00)), such that 

(15) lim sup d^{un(t),Vn{t)) = 0. 

Thanks to (fT4l) . there exists a sequence t„ G [t„, t„ + T], such that 

(16) ds(M„(t„),f„(t„)) > e/2, Wn, 

Now note that {n„(t„)} is relatively strongly compact due to the asymptotic com- 
pactness of £. In addition, Theorem 13.21 implies that 

{Vn{tn)} C A 

w 

Thanks again to the asymptotic compactness of £, is strongly compact due 
to Theorem 12.81 Hence, the sequence {fn(in)} is also relatively strongly compact. 
Then it follows from (fTST ) that the limits of the convergent subsequences of {un{in) } 
and {f„(t„)} coincide, which contradicts (fT6l ). □ 

Finally, in order to extend Theorem 12. 9 1 to £ we need the following: 

Lemma 3.4. If£ satisfies A2 and A3, then £ satisfies A2 and A3. 

Proof. Clearly A3 holds by definition of £. Now take u G ^([0, 00)) and T > 0. 
There exists a sequence m„ G ^^([0, 00)) satisfying 

u„^uinC([0,T];X,). 

Thank to A3, 

Un{t) u{t) Strongly in [0, T] \ Eq, 

where Eq is a set of zero measure. Due to A2, for any e > 0, there exists 5, such 
that for every Un G ^^([0, 00)) and T > 0, 

\Un{T)\ < \Un{t) \ + e, 

for t in (T — 5, T) \En, where En is a zero measure set. Taking the lower limit as 
n —7- 00 we obtain 

\u{T) I < lim inf \uniT) \ < \u{t) | + e, t G (T - 5, T) \ UZoE^, 

which means that A2 holds. □ 

With the above results in hand, we conclude with the following versions of The- 
orem Oim and^for £. 
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Theorem 3.5. Let £ be an evolutionary system. Then 

1. The weak global attractor ^„ exists. 

Furthermore, assume that £ satisfies Al . Let £ be the closure of£. Then 

2. = uj^{X) = UJ^{X) = UJs{X) = = {no E X : uq = m(0) for some u G 
^((-oo,oo))}. 

3. A^ is the maximal invariant and maximal quasi-invariant set w.r.t. £. 

4. (Weak uniform tracking property) For any e > 0, there exists to, such that for 
any t* > to, every trajectory u G £{[0, oo)) satisfies dc([t*,oo);X„){u, v) < e, 
for some complete trajectory v G ^((— oo, oo)). 

Theorem 3.6. Let £ be an asymptotically compact evolutionary system. Then 

1 . The strong global attractor As exists, it is strongly compact, and As = A^j. 
Furthermore, assume that £ satisfies AL Let £ be the closure of£. Then 

2. (Strong uniform tracking property) For any e > and T > 0, there ex- 
ists to, such that for any t* > to, every trajectory u G £^([0,oo)) sat- 
isfies ds{u{t),v{t)) < e, Vt G + T], for some complete trajectory 
V G £{{—oo, oo)). 

Theorem 3.7. Let £ be an evolutionary system satisfying AL A2, and A3, and 
assume that its closure £ satisfies ^((— oo, oo)) C C((— oo, oo); Xs). Then £ is 
asymptotically compact. 

3.1. Uniform w.r.t. symbol space global attractors. In [ICV941 ICV02II . Chep- 
yzhov and Vishik studied the structure of the uniform (w.r.t. the initial time) global 
attractor of a process via that of the uniform (w.r.t. the symbol space) attractor of 
a family of processes with the symbol space being the strong closure of the trans- 
lation family of the original symbol in an appropriate functional space. For further 
results in the case where the symbol space is a weak closure of the translation fam- 
ily of the original symbol we refer to flLWZOSl Lu06l Lu071 . In some cases (see 
e.g. open problems in P Lu07[|CL09l ) it is not clear how to choose a symbol space 
to obtain the structure of the uniform (w.r.t. the initial time) global attractor. Even 
though we solved this problem in Section |3]using a different approach, the uniform 
(w.r.t. the symbol space) attractor remains of mathematical interest. In this sub- 
section we study this object and its relation to the uniform (w.r.t. the initial time) 
global attractor using our framework of evolutionary systems. 

Definition 3.8. Let £ be an evolutionary system. If a map £^ that associates to 
each I eT a subset £^{I) C £{l) is also an evolutionary system, we will call it an 
evolutionary subsystem of£, and denote by £^ C £. 

Let be an evolutionary system, and let S C E be such that T(/i)S = S for all 
h > 0. Then it is easy to check that £y: is also an evolutionary system. Hence, it is an 
evolutionary subsystem of For example, in Section IZ2l the evolutionary system 
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defined by a process {Ua^it, r)} is an evolutionary subsystem of the evolutionary 
system defined by the family of processes {U^{t, r)}, a G S, where E is the closure 
of the translation family S of the symbol in some appropriate topological space. 

Definition 3.9. An evolutionary system S-^ is a system with uniqueness if for every 
Uq G X andcr G S, there is a unique trajectory u G £^{[0, oo)) such that u{0) = Uq. 

Examples of evolutionary systems with uniqueness include the evolutionary sys- 
tems defined previously by a process and a family of processes. 

Theorem 3.10. Let E^. be an evolutionary system with uniqueness and with symbol 
space E satisfying Al . Let S be the closure ofYl in some topology space ^3 and £g D 
£s be an evolutionary system with uniqueness satisfying Al, and such that Un G 
£^o-„([0, oo)), Un ^ u in C([0, oo); X„) and On ^ o in 3 imply u G i^o-([0, C)o)). 
Then, their weak uniform global attractors and are identical. 

Proof Obviously, and exist and C If there exists xq G ^3 \ -^w' 
then there exist two disjoin balls e) and B^{xq, e). Since 

G M,M G ^((-cx),cx)))} C 

we can take, by Theorem 12.71 a complete trajectory v{t) G £^cr((— oo, oo)) with 
cr G E \ E such that t;(0) = xq. The set {v{t) \t G M} is dw-attracted by J^. Hence, 
there is some to such that, 

i?E(to){^W|teM}c5„(^^,e). 

Note that S is the closure of E in 3. Take a sequence cr„ G E such that — )■ cr in ^3. 
Consider a sequence of trajectories u„(t) G i^cr„([0, oo)) satisfying m„(0) = f (— to) 
and 

(17) M„(to)Gfi„(^^,e). 

Thanks to Al, {u„(t)} converges, passing to a subsequence and dropping a subindex, 
in C([0, oo); X^), whose limit u{t) G £^o-([0,oo)) due to a„ — )► a in $5. By 
the fact that m(0) = to) and the uniqueness of the evolutionary system 
M(t) = f (t — to), t > 0. However, (fTTI) indicates that 

W 

xo = t;(0) = M(to) G 5„(^^^e) . 

This is a contradiction. Hence, = J^. □ 

Therefore, together with Theorems 13 .5 l and ETtI Theorem B. lOl implies the follow: 

Theorem 3.11. Under the conditions of Theorem \3. 1 0\ let £y. be the closure of the 
evolutionary system £j]. Then the three weak uniform global attractors J\^, Ji^ and 
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of the evolutionary systems £t. and E^., respectively, are identical, and the 
following invariance property holds 

= = 

■^w '^w '^w 

(18) = {-uo : Uq = u{0) for some u E £{{—00, oo))} 

= {uq : Uq = u{f)) for some u G £^,{{—00, 00))}. 

Moreover, the weak uniform tracking property holds. 

Now, Theorem 13 -Sl ensures the strong compactness. 

Theorem 3.12. Under the conditions of Theorem \3.11\ assume that E^, is asymp- 
totically compact. Then the weak uniform global attractors in Theorem \3.11\ are 
strongly compact strong uniform global attractors. Moreover, the strong uniform 
tracking property holds. 

In applications the auxiliary evolutionary system is usually asymptotically 
compact. For instance, in [iLu06ll . in the case of the 2D Navier-Stokes equations 
with non-slip boundary condition, S is taken as the closure of the translation family 
of a normal external force (see Section lU in L^^"(M; V). Here, V is the dual 
of the space of divergence-free vector fields with square-integrable derivatives and 
vanishing on the boundary, and Lj^^^(]R; V) is the space L^q^(M; V) endowed with 
local weak convergence topology. Then Theorem 13.121 applied to this system gives 
the strong uniform tracking property. 

Similarly, together with Theorem 13 . 6 1 and |2^ Theorem 13 . 1 [ implies the follows: 

Theorem 3.13. Under the conditions ofTheorem \3.11\ assume that E^. satisfies A2, 
A3 and the complete trajectories in ^TM is strongly continuous. Then the weak uni- 
form global attractor A^for is strongly compact strong uniform global attractor. 
Moreover, the strong uniform tracking property holds. 

4. Trajectory attractor 

A trajectory attractor for the 3D NSE was introduced in [lSe96 l and further stud- 
ied in [|CV97[ ICV02[ ISY02II by considering a family of auxiliary nonautonomous 
systems including the original system. In this section, with the results in preceding 
sections in hand, we will naturally construct a trajectory attractor for the original 
system under consideration, rather than for a family of systems. More precisely, we 
construct a trajectory attractor for the evolutionary system £ satisfying Al utilizing 
the trajectory attractor for its closure £, which is defined in I1C09I . 

Let := C([0, 00); X„) and denote 

/C+ ■.= £{[0oo)) C J^+. 
Define the translation operators T(s), s > 0, 

(T(s)M)(t) := M(t + s)|[o,oo), uET^. 
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Due to the property 3 of the evolutionary system (see Definition 12. 1 1 and [2. 10|) . we 
have that, 

T(s)/C+ C/C+, Vs>0. 

Note that /C+ may not be closed, but is precompact in due to Al. For a set 
P C and r > denote 

B{P,r) ■= {m G 7"+ : ^c(%oo));X^){u,P) < r}. 

A set P C J^^ uniformly attracts a set Q C /C+ if for any e > there exists Iq, such 
that 

T{t)Q C B{P,e), yt>to. 

Definition 4.1. A set P C is a trajectory attracting set for an evolutionary 
system £ if it uniformly attracts /C+. 

Definition 4.2. A set 21 C J-"^ is a trajectory attractor for an evolutionary system 
S if^ is a minimal compact trajectory attracting set, and T(t)2l = 21 /or all t > 0. 

It is easy to see that if a trajectory attractor exists, it is unique. Let £ be the 
closure of the evolutionary system £ and let }C := ^((— oo, oo)) which is called the 
kernel of £. Let also 

n+£ := {m(-)|[o,oo) ■■ueJC}. 

Theorem 4.3. Let £ be an evolutionary system satisfying Al. Then the trajectory 
attractor exists and 

21 = n+£, 

where K is the kernel of the closure £ of the evolutionary system £. Furthermore, 

X = 2l(t) := {u{t) : n G 21}, Vt > 0. 

Proof. Notice that Theorem 7.4 in [IC09I states that the conclusions are valid for an 
evolutionary system satisfying Al. 

Obviously, £ satisfies Al. Hence the trajectory attractor 11+^ for £ uniformly 
attracts IC^ . Now we verify that Yi^lC is a minimal trajectory attracting set for £. 
Assume that there exists a compact trajectory attracting set P strictly included in 
lij^lC. Then there exist e > and 

u G n+£\fi(P,2e). 

Let V G £((— oo, oo)) be such that f |[o,oo) = u. Let also f„(-) = v{- —n)\]Q^^y Note 
that Vn G ^([0, oo)) and 

T{n)vn = u^ B{P,2e), Vn. 
Now take m„ G £^([0, oo)) such that 

dc([o,oo));Xw)(wn,fn) < e/2'', V n. 
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By the definition of the metric dc{[o,oo));X^), we have 

dc([0,oo)y,X^)iT{n)Un, T{ri)Vn) < 2"dc([0,oo));Xw)(Mn, Vn), V n. 

Hence, 

dc([o,oo));Xw) {T{n)un, u) < e, V n, 

which implies that 

T{n)u^^B{P,e), W n. 
Therefore, P is not a trajectory attracting set for £, which is a contradiction. □ 

Furthermore, the asymptotical compactness of £ implies a uniform strong con- 
vergence of solutions toward the trajectory attractor. 

Theorem 4.4. Let £ be an asymptotically comapct evolutionary system satisfying 
Al. Then the trajectory attractor 01 uniformly attracts IC^ in Lj^^((0, c>o)). 

Proof. This is just a consequence of Theorem |331 D 

Finally, by the strong continuity of the complete trajectories, we have the follow- 
ing. 

Theorem 4.5. Let £ be an evolutionary system satisfying Al , A2 and A3. IfOlc 
C([0, oo); Xs), then the trajectory attractor uniformly attracts /C+ in L|^^((0, oo)). 

Proof. Since 21 C C([0, oo); Xg), Theorem 13 .7 1 implies that the evolutionary sys- 
tem £ is asymptotically compact. Therefore, Theorem 14. 4 1 yields that 21 uniformly 
attracts /C+ in ^^^^((O, oo)). □ 

5. 3D Navier-Stokes equation 
Consider the space periodic 3D incompressible Navier-Stokes equations (NSE) 

\ jU-iyAu + iu-V)u + Vp = fit), 
[V ■u = 0, 

where u, the velocity, and p, the pressure, are unknowns; f{t) is a given driving 
force, and z/ > is the kinematic viscosity coefficient of the fluid. By a Galilean 
change of variables, we can assume that the space average of u is zero, i.e., 

u{x, t) dx = 0, Vt, 

where Q = [0, L]^ is a periodic boxE 

First, let us introduce some notations and functional setting. Denote by (■, ■) and 
I ■ I the L^(i7)^-inner product and the corresponding L^(fi)'^-norm. Let V be the 



^The no-slip case can be considered in a similar way, only with some adaption on the functional 
setting. 
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space of all trigonometric polynomials of period L in each variable satisfying 
V ■ M = and u{x) dx = 0. Let H and V to be the closures of V in L^(n)^ and 
H^{iiy, respectively. Define the strong and weak distances by 



ds{u,v) := \u - v\, d^{u,v) = —7- ^ — -, u,v e H. 



1 






2\^\1 + 





where and are Fourier coefficients of u and v respectively. Note that the weak 
metric d„ induces the weak topology in any ball in L^(fi)'^. 

Let also : H he the L^-orthogonal projection, referred to as the 

Leray projector. Denote hy A = —Ptj/S. = — A the Stokes operator with the domain 
D{A) = {H'^{il))^ n V. The Stokes operator is a self-adjoint positive operator with 
a compact inverse. Let 

\\u\\ := 1^1/2^1, 

which is called the enstrophy norm. Note that is equivalent to the if^-norm of 

uforn G D{A^/^). 

Now denote B{u, v) := Pa{u ■ Vf ) G V for all u,v eV . This bilinear form has 
the following property: 

{B{u,v),w) = —{B{u,w),v), u,v,weV, 

in particular, {B(u, v),v) = for all u,v E V. 

Now we can rewrite (fT9] ) as the following differential equation in V: 

(20) + uAu + B(u, u) = g, 

at 

where n is a V-valued function of time and g = P^f. 

Definition 5.1. A weak solution of (fT9l) on [T, oo) (or (— oo, oo), ifT = —oo) is an 
H -valued function u(t) defined for t G [T, oo), such that 

ju G LL([T, oo); V), uit) G C([T, oo); H„) n LL([T, oo); \/), 

and 

(21) {u{t)-u{to),v)= [ {-iy{{u,v))-{B{u,u),v) + {g,v)) ds, 

J to 

for allvEV and T < tg < t. 

Theorem 5.2 (Leray, Hopf). For every uq E H and g E Lf^cC^'^ ^')' there exists 
a weak solution o/ff79l) on [T, oo) with u{T) = uq satisfying the following energy 
inequality 

(22) \u{t)\^ + 2vl \\u{s)\\'^ds<\u{tQ)\^ + 2 I {g{s),u{s))ds 

Jto Jto 
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for all t > to, to ^f-^- in [T, oo). 

Definition 5.3. A Leray-Hopf solution of (fT9l ) on the interval [T, oo) is a weak 
solution on [T, oo) satisfying ttie energy inequality ^22\l for all T < to < t, to a.e. 
in [T, oo). The set Ex of measure on which the energy inequality does not hold 
will be called the exceptional set. 

Now fixed an external force go that is translational bounded in Lfj^^(M; V') , i.e., 



\go\\l2 := sup / \\gois)\\y,ds < oo. 



Then go is translation compact in L^^"(]R; V), i.e., the translation family S : = 



{go{- + h)\he M} of go is precompact in Lf;^{R; V). Note that, 

(23) \\g\\l2<\\go\\l2, V(7GS. 

b ta 

Due to the energy inequality (|22l) we have 

\u{t)\^ + u [ \Hs)fds<\u{to)\^ + -[ \\g{s)\\l,ds, V(7GS, 

for all t > to, to a.e. in [T, oo). Here u(t) is a Leray-Hopf solutions of (fT9l ) with 
force (yf on [T, oo). By Gronwall's inequality there exists an absorbing ball i?s(0, R), 
where the radius R depends on L, u, and 11(7011^2 • Let X be a closed absorbing ball 

X = {n G : |n| < i?}, 

which is also weakly compact. Then for any bounded set A C H, there exists a 
time ti > T, such that 

u{t) eX, Vt > ti, 

for every Leray-Hopf solution u{t) with the force g E and the initial data u{T) G 
A. For any sequence of Leray-Hopf solutions m„ the following result holds. 

Lemma 5.4. Let Unit) be a sequence of Leray-Hopf solutions of (fT9l ) with forces 
gn G S, such that Un{t) G X for all t > ti. Then 

Un is bounded in L^{ti,t2;V) and L°°{ti,t2] H), 

(24) d 

—Un is bounded in L'^''^(ti,t2]V'), 
dt 

for all t2 > ti. Moreover, there exists a subsequence rij converges to some u(t) in 
C{[ti,t2];H^), i.e., 

t>) — )■ (u, f ) uniformly on [^1,^2], 
as rij — !■ 00, for all v E H. 



(25) —Un + PAUn + B{Un, Un) = Qn, 
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Proof. The proof is standard (see eg. nCF891 IRoOll ). Here we just sketch some 
steps. Take a sequence u„ satisfying (fT9l ) with forces By (|20l) . we have 

d_ 

It 

Classical estimates imply the boundedness in (l24l) . Then, passing to a subsequence 
and dropping a subindex, we can obtain that 

Un ^ u weak-Star in L°°{ti,t2] H), 

weakly in L^(ti,t2; V), 

strongly in H), 



and 



ju weakly in L'^'^iti, ta; V), 



Aun — Au weakly in L^(ti, ta; V), 
B{un, Un) B{u, u) wcakly in L''^^ (ti, , 

for some 

ueL'^{tiM;H)fM''{tiM;V). 

Again, passing to a subsequence and dropping a subindex, we also have, 
(26) Qn^ g weakly in (t ^ , ^3 ; 1^') , 

with g E L'^ih, ^2; V). Passing to the limit yields 

d 

—u + uAu + ^('U, u) = g. 
It follows from ^ that Un umC{[ti, ^2] ; -f^w) • □ 

Remark 5.5. In the autonomous case, i.e., f{t) is independent oft, the limit u is 
a Leray-Holf solution. However, we don 't know here whether it is a Leray-Holf 
solution yet. 

Consider an evolutionary system for which a family of trajectories consists of all 
Leray-Hopf solutions of the 3D Navier-Stokes equations with a fixed force g^ in X. 
More precisely, define 

S{\T, 00)) := {u{-) : m(-) is a Leray-Hopf solution on [T, 00) 

with the force ^ G S and u{t) G X, Vt G [T, 00)}, T G M, 
£((—00, 00)) := {«(■) : u{-) is a Leray-Hopf solution on (—00, 00) 

with the force g E and u{t) E X, \/t E {—00, 00)}. 
Clearly, the properties 1-4 of £ hold, if we utilize the translation semigroup 
{T(s)}s>o. Therefore, thanks to Theorem 13.51 the uniform weak global attractor 
Aw for this evolutionary system exists. 
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Now we give the definition of normal function which was first put forward in 
HLWZOSL 

Definition 5.6. Let B be a Banach space. A function ^{s) G ^^^^^,(1^; B) is said to 
be normal in Lf^^{K; B) if for any e > 0, there exists 5 > 0, such that 

rt+S 

sup / \\ip{s)\\lds < e. 
tm Jt 

Note that the class of normal functions is a proper closed subspace of the class of 
translation bounded functions (see HLWZOSII for more details). Then, we have the 
following. 

Lemma 5.7. The evolutionary system £ of the 3D NSE with the force Qq satisfies 
Al and A3. Moreover, if Qq is normal in Lf^^{M.; V) then A2 holds. 

Proof. First note that £^([0,oo)) C C([0, oo); by the definition of a Leray- 
Hopf solution. Now take any sequence Un E £{[0, ^ = 1,2, ... . Thanks 
to Lemma \5A\ there exists a subsequence, still denoted by that converges to 
some E C([0, 1]; H„) in C([0, 1]; H„) as ?7, — oo. Passing to a subsequence 
and dropping a subindex once more, we obtain that u„ — )■ in C([0, 2]; H„) as 

— )■ oo for some E C([0, 2]; H^). Note that u^(t) = u'^{t) on [0, 1]. Continuing 
this diagonalization process, we obtain a subsequence of m„ that converges to 
some u E C([0, oo); H^) in C([0, oo); H^) as rij oo. Therefore, Al holds. 

Let now u„ E £{[0, oo)) be such that Un u E C{[0,T];H^) in C{[0,T];H^) 
as — )■ oo for some T > 0. Thanks to Lemma \5A\ again, the sequence {un} is 
bounded in L'^{[0,T];V). Hence, 

T 

\un{s) ~ u{s)\'^ ds ^ 0, as n oo. 

In particular, |Mn(^)| — ^ \uit) \ as n — )■ oo a.e. on [0, T], i.e., A3 holds. 

Now assume that go is normal in L^q^(]R; V). Then given e > 0, there exists 
(5 > 0, such that 

sup / ||fi'o(s)||y/ ds < ve. 

tm. J t-5 

Take any u E £{[^, oo)) and t > 0. Since u{t) is a Leray-Hopf solution, it satisfies 
the energy inequality (|22] ) 

|u(t)p + 2z/ f \\u{s)fds<\u{to)\'^ + 2 [ {g{s),u{s))ds, 

J to J to 
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for all < to < t, to e [0, oo) \ Ex, where Ex is a set of zero measure. Hence, 
together with (1231) . 

Ht)\^< \u{to)\^ + - / \\go\\v,ds 

^ J to 

< |M(to)|' + e, 

for all to > 0, such that to e (t - 6, t)\Ex. Therefore, A2 holds. □ 
Now Lemma [5771 Theorem 13.51 and |3^ yield the following. 

Theorem 5.8. The uniform weak global attractor for the 3D NSE with force 
go exists, is the maximal invariant and maximal quasi-invariant set w.r.t. the 
closure £ of the corresponding evolutionary system £, and 

X = Ww(X) = Ws(X) = {n(0) : u e £{{-oo, oo))}. 

Moreover, the weak uniform tracking property holds 

Theorem 5.9. If go is normal in ^^^^(R; V) and every complete trajectory of £ is 
strongly continuous, then the weak global attractor A^ is a strongly compact strong 
global attractor As- Moreover, the strong uniform tracking property holds. 

Finally, we obtain the trajectory attractor for 3D NSE with a fixed time-dependent 
force go due to Theorem l4.3l and |43I 

Theorem 5.10. The trajectory attractor for 3D NSE with force go exists and 
21 = n+^((-oo, oo)) = {n(-)|[o,oo) : u e ^((-oo, oo))}, 

satisfying 

A^ = 2l(t) = {u{t) : M G 21}, Vt > 0. 

Furthermore, if go is normal in L\^^{W, V) and every complete trajectory of £ is 
strongly continuous then the trajectory attractor 21 uniformly attracts i^([0, oo)) in 

Aoc((0,Oo)). 

6. Open problems 

In this section we assume that go is translation compact in L^jj^(R; V) and denote 
by S the closure of S in Lj^qj,(]R; V). Note that the class of translation compact 
functions is also a closed subspace of the class of translation bounded functions, 
but it is a proper subset of the class of normal functions (for more details, see 
[ILWZ05II ). Note that the argument in Section |5] before Lemma l54l is valid for S 
replaced by E and Lemma l54l can be improved as follows. 
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Lemma 6.1. Let Unit) be a sequence of Leray-Hopf solutions of (fT9l) with forces 
Qn G S, such that Unit) G X for all t > ti. Then 

Un is bounded in L'^iti,t2;V) and L°°{ti,t2]H), 

— M„ is bounded in ^2; V"'), 

for all t2 > ti. Moreover, there exists a subsequence rij, such that converges in 
Lf^iR; V) to some (7 G S andun^ converges inCi\ti,t2\] H„) to some Leray-Hopf 
solution uit) of (fT9l ) with the force g, i.e., 

t>) — !■ (u, f ) uniformly on [^1,^2], 

as Hj — >■ 00, for all v G H. 

Proof See [|CF89llCV02 l. Here we give a brief sketch. 

The proof of Lemma |5.4| is still valid if we substitute S for S. So, the remains is 
to verify (|22] ) for the limit u. We have 

(27) \Unit)\^ + 2vf \\Unis)\\''ds<\Unito)? + 2 f {gnis),Unis))ds 

J to J to 

for all t > to, to a.e. in [ti, 00). Note that 

Unit) — > uit) weakly in if, Vt > ti, 

strongly in H, t a.e. in [ti, 00), 

weakly in Lf^^iti, 00; V^), 

and the convergence in (|26l ) is strong for go is translation compact in L^q^(]R; V). 
Therefore, taking the limit of (|27T ) we obtain the energy inequality 

|M(t)|2 + 2z/ [ \\uis)f ds < \uito)\'^ + 2 [ {gis),uis))ds 

J to J to 

for all t > to, to a.e. in [ti, 00). □ 

Due to this lemma, now we can consider another evolutionary system with S as 
a symbol space. The family of trajectories of the evolutionary system consists of 
all Leray-Hopf solutions of the family of 3D Navier-Stokes equations with forces 
^ G S in X: 

£f:i[T, 00)) := {u(-) : m(-) is a Leray-Hopf solution on [T, 00) 

with the force ^ G S and uit) G X, Vt G [T, 00)}, T G M, 
00, 00)) := {«(•) : m(-) is a Leray-Hopf solution on (—00, 00) 

with the force (7 G S and uit) G X, Vt G (—00, 00)}. 

Obviously, £ C Sf.- 

We have the following lemma. 
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Lemma 6.2. The evolutionary system E^, of the family of 3D NSE with forces in S 
satisfies Al , A2 and A3. 

Proof. The proof is similar to Lemma 15.71 The difference is that we have to use 
Lemma [6T| instead of Lemma 15 .41 and that { and u would now be contained in 

^e([0,oo)). □ 

Similarly, Lemma |6^ and Theorem 12 . 7 1 yield the following (cf. IICV02II '). 

Theorem 6.3. The uniform weak global attractor A^for the family of 3D NSE with 
forces g & T, exists, A^ is the maximal invariant and maximal quasi-invariant set 
w.r.t. the corresponding evolutionary system and 

Al = {u{Q):ue£t{{-oo,oo))}. 

Moreover, the weak uniform tracking property holds 

Theorem 12 . 8 1 gives a criterion for strong compactness of the attractor. 

Theorem 6.4. If every complete trajectory of the family of 3D NSE with forces g G 
S is strongly continuous, then the weak global attractor A^ is a strongly compact 
strong global attractor Af. Moreover, the strong uniform tracking property holds. 

Let £ be the closure of the evolutionary system £. Obviously, £ C £ C £j]- 
Then, an interesting problem arises: 

Open Problem 6.5. Are the uniform global attractor s A, and A^ in Theorems \5.8\ 
and \6.4\ identical ? 

If the solutions of 3D NSE are unique, then the answer is positive due to Theorem 
13.1 ll and l3.12[ However, the negative answer, i.e., A» C would imply that the 
Leray-Hopf weak solutions are not unique and the uniform (w.r.t. symbol space) at- 
tractor doesn't satisfy the minimality property with respect to uniform (w.r.t. initial 
time) attracting for the original 3D NSE with fixed external force g^. 

We can also obtain a trajectory attractor of £g as in Section 5: 

Theorem 6.6. The trajectory attractor for the family of 3D NSE with forces g E 
exists and 

21^ = n+6:g((-cx),oo)) = {m(-)|[o,oo) : u G £:g((-cx), cx)))}, 

satisfying 

^5 = 2l^(t) = {^(t) : M G 21^}, Vt>0. 

Furthermore, if every complete trajectory of is strongly continuous then 21^ 
uniformly attracts £j]{[0, oo)) in L'^^{{0, oo)). 

A similar problem on the relationship of this trajectory attractor and that of £ 
also arises: 
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Open Problem 6.7. Are the trajectory attractors 21 and 21^ in Theorem 15.701 and 
\6.6\ identical? 

This open problem hints that, in general, the trajectory attractors constructed 
in nCV02ll for the systems without uniqueness might not satisfy the minimality 
property. 
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